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I. INTRODUCTION
We follow [1] to recall some definitions and some
preliminaries. Let A be a Banach algebra, and let Xbea

Banach <A -bimodule. A linear map D:A—Xisa
derivation if it satisfies the equation:

D(ab)=a-Db+Da-b (ab€A).

In this paper we shall only consider bounded derivations.

Given X € X and define the map 0,.: L — X by the
equation:

d(a)=a-x—x-a (acA).

These derivations are inner derivations.
Let X~ be the dual space of X. Then X is a Banach
A-bimodule with respect to the operations given by

{(x,a-A)={x-a,A) and

(x,A-a)={a-x,A) (aeAxeX,1eX").

A Banach algebra A is amenable if every bounded
derivation I from <A into a dual Banach <4 -bimodule
X is inner, for each Banach A -bimodule X.

A Banach algebra A is a Banach <A -bimodule over
itself. Then a Banach algebrach is weakly amenable if
every bounded derivation D: A — A isinner.

A linear map T:-A—=A" s cyclic if
T(a;)(ap) = (=1)T(ap)(ay) for il
ag,a, € A; in other words,

{QD,T(QIJ} + {alJT{:aDj} =

0 (aga, €A).

In particular, {@, T(a)) =0 (a € A).

The space of all bounded, cyclic derivations from Ao
A" is denoted by ZC (A, A*), and the set of all

cyclic inner derivations from A to A" is denoted by

NC (A A™). It can be seen that every inner

derivation is cyclic, and S0
NCYHAA)=N1(AA") . The first
order cyclic cohomology group is defined by
HC A A
B ZC (A A)
- NCH(AA)
=ZCHAA) /N A A).

A Banach algebra A s cyclic weakly amenable if
HC(AA) = {0].

It is obvious that

HCYAA)S H A A) , so each
weakly amenable Banach algebra is cyclic weakly
amenable.
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Let S be a non-empty set, and let & be an element of
S. The characteristic function of {S} is denoted by
53. We define the Banach space

£1(S):= ;f:S =€ =) @b, ) lal < m],

SES SsES

where || Il = Xses las| < 0.

A=2(S) s

The dual space of

A* =L 7(S), where

£%(5) = [f:S = C, |Ifll=suplf(s)| < OOI,
with the duality given by: 583

(f,) =Z f)A(s) (FeL(S)AEL(S).

LetS be a semigroup. Then the convolution product of

two elements f and g in the Banach space £ 1 (.S) is
defined by the formula:

Fra=( ) ad )Y 8a)=) 1l ) ahle

SES tes st=rES

The inner sum will vanish if there are no § and T such
that ST =T,
Clearly, (£ *(S),*) is a Banach algebra; it is called the

semigroup algebra of S.
We shall need to use the following remark:

Remark 1.1
Let S be a semigroup, and take 4 to be a function on
Sx S,For(l,f] = S,define

Tgigalgb) =g(ﬂ,b],

and then extend T. to be a bilinear function on

g
£5(5) X £3(5) . In the case where g is bounded
by M , T extends to a bounded, bilinear functional on

g
2LS)XxLL(S).
Explicitly,

() ud) B4,
i

i ij

- 1) aggted)] <) 1ul) Jp|.
i i

Now define T, : € 1(S) — £ = (5) by
(LT, (N)=T,(f,h) (f,het(S)).

Then Tjg is a bounded linear map and

(65, T;(82)) = g(a,b) (a,bES).

Throughout the paper, S denotes a countable
commutative 711l ¥ -semigroup which is the unitization
of a nil semigroup S (that is, a semigroup S~ with
zero such that for all X € 5 there isan Tt € M such
that X" = 0 ), and which is zero-cancellative (that is,
for all a,b,c €S  ab=ac# 0 implies
b =ro

Following [2], we shall write I-”S(x] for the set of

divisors of X in a unital semigroup S , that is,

V.(x)={yv€S:3z€ S, yz=x}.

The set V" () is the collection of all functions

g:Ve(x) — © satisfying the logarithmic
condition

g(ab) = g(a) +g(b) (ab€V;(x))

In our paper, we shall apply the characterization of cyclic
weak amenability of some certain commutative

semigroup algebras £ 1 (), as established in [3],
where S is a commutative, O-cancellative, Til ¥ -

semigroup, as introduced in [2] where S is a finite or an
infinite semigroup. Then we shall construct some

examples where £ 2 (§) is cyclic weakly amenable but
not weakly amenable.

Il Finite semigroups
In this section we shall discuss cyclic weak amenability
of the semigroup algebra e = € *(S), where S is a

finite, commutative, 0-cancellative, 7211 *-semigroup.

An element @FE€ES is an aom if
Vi(a) = {0, e} . we shall show that <A is cyclic

weakly amenable only when S has exactly one atom, or

S={o,e}

(1.1)
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Proposition 11.1

Let S be a finite, commutative, O-cancellative, il ¥ -
semigroup with just one atom. Then the semigroup

algebra A = £ *(5) is cyclic weakly amenable.

Proof

Suppose that S is a finite, commutative, 0-cancellative,
nil # -semigroup with just one atom @ . Then the
semigroup S can be written as

T, ={eaa?..,a"a" = o}

for some M E N with n =2 . we suppose that

A, =£(T,)

Take a derivation D: c/‘fl{n — cﬂ; Then D is bounded
because the semigroup algebra c/qnn is finite dimensional.

we have D(6,) = D(6,) = 0. 1t can be proved
that

D(8,) = Ao87: + A1 85 + 4 Ap_s 8onms
for some A, Ay, e, Ay E C.

We know that D is cyclic if and only if satisfies the
equation:

(f,D(@N+(g.D(f)N=0 (f,geA). .y
Tak

f=5ﬂ.rf and g=5a for kZU,...,H—l,
where @ = e and b0 = 0,. Then

(£,D(g))+ (g, D(f)) = (6,5, D(5,)) +
(84,D(8,6))

= (84, D(82)) + (6., k8- D(8)

= <5ak, D(ﬁa]) + k<5m 5&"*""9(5&])
— (k + 1){6,%,D(5,)),

and so, by (11.1), we have
(84, Ao0; + 4165 + -+ A 6 + -+

An28n-2)=0,

hence/l;f =0fratk =0,...,n—2 .5
D = 0 .therefore HC (A, A™) = {0}.

Thus the proposition is proved. O

Proposition 11.2
Let S be a finite, commutative, O-cancellative, 711 * -
semigroup with exactly two atoms @ and b . Then the

semigroup algebra cA = £ 1(S) is not cyclic weakly
amenable.

Proof
Suppose that the elements & and b are two atoms of the
semigroup S . We have to discuss two cases:

1. Lt ab¥*o0o .  we clam that
Vs(ab] = {E‘, a,b, ab} . For ifu|ab then either
U = € or there is an atom 17 such that 'I?|H f (1|H,
then U = ﬂuﬂﬂb implies that H1|f? ss0Uy = 8
orlly = b . Hence (L = € ordor ilfl). Similarly, if
blu ,wehavel = borut = ab.

Now we define the function g € V. (ab) by:
0 if x=eor x=ab

gx)=49 1 if x=a (11.2)
—1 if x=b
By using (11.2), it is clear that

g(xy) =g(x) +g() for al X,y €5 such
that I}’|£lf?. Thus by [3, Proposition 2.1], the semigroup
algebra o4 = £ 2 (S) is not cyclic weakly amenable.

2. Let @D = O . Then the semigroupS can be defined

as

n-1 -n

S={eaa? .. a"ta"=0=
b™, b,b%,..b™m 1 ab = o},

forsome 7, 1M = 2.

A non-zero bounded sensible function ¢ Cg 5y — C
can be defined on the class

C{a,b] = {{:(1, b]! (b! ﬂ]}
by:

(1 ifx=a and y=b
oY) = {—1 ifx=>b and y=a, (IL.3)
So that by [3, Theorem 2.4], the semigroup algebra

A = £ 1(5) is not cyclic weakly amenable.
Thus the proposition is proved. O
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I11. Infinite semigroups

In this section we shall discuss cyclic weak amenability
of the semigroup algebra A = £ 1 (S), where S is an
infinite, commutative, O-cancellative, 70il ¥ -semigroup.

we shall show that . is not cyclic weakly amenable if S
has at least two distinct atoms.

Proposition 111.1
Let S be a commutative, O-cancellative, Tl -
semigroup. Suppose that S has atoms ﬂ,b such that

ab = 0 .Then the semigroup algebracﬁ, ={ 1(.5')
is not cyclic weakly amenable.

Proof
We shall show that there is a non-zero bounded sensible

function ¢ on the equivalence class g py € My

with the equivalence relation defined on the set M,; as
in [3, Definition 1.3].

We claim that
Ceapy = {(a,b), (b, @)} . (n1.2)
If so, a non-zero bounded sensible function

@: Crqpy — Ccanbe defined by:
1 if x=aandy=05b

Xy)= .

o) {—1 if x=bandy=a,
so that by [3, Theorem 2.4], the semigroup algebra
A = £ 1(5) is not cyclic weakly amenable.

To prove (111.1), suppose that (@, b) ~ (p,q), so
a=af, ad
Otherwise  we

that either we write

(aB,b) ~ (a,Bb) .
b=vy4, ad (a,yA) ~ (ay,4) . But @ is an
atom, so if {1=£Iﬁ then & = € and ,l'?:ﬂ
otherwise if & = @ and ﬁ = € then the new pair is
(ﬂ, fl] . Also if &£ = € and ,E = d then the new pair
is(e,ab) = (e,0) € M .

Similarly, since b is an atom, we cannot get a

new pair out of (b}’, ;‘L] with ’]fl = b . Thus the
proposition is proved. O

write

Theorem 111.2
Let S be a commutative, O-cancellative, il % -
semigroup. Suppose that S has at least two distinct

atoms. Then the semigroup algebrao*fl =f 1(.5’] is
not cyclic weakly amenable.

Proof
Suppose that S has two distinct atoms a, b.

We have two cases. If @D = 0| then, by Proposition

(111.1), we have that A = £ (5 is not cyclic weakly
amenable.

Suppose that @D # O. We claim that there is a non-
zero bounded function 4 in V; (ab) with
g(ab) = 0. we define g by

1 if x=a
gx)=1-1 if x=0

0 otherwise,

and we must show that §(XV) = g(x) + g(v)
forall X,y € Vo(ab) .

Suppose that X,V € Vo(ab) . we have
gxX)=g0)=g(xy) =0 unless one of
LY, XVisdor b i XV=4aoXy = b then the
pair {X, _}’} is {E‘, (1} or {E’, b} and
g(x) + g(y) = g(xy) hence we may assume
towards a contradiction that X = I,
We claim that YV =€ or
gx) +g@) =gxy).

For if } is not € or b we have ay = l’}’|ﬂb 0] }’|b
and D is not an atom. But this is a contradiction. Thus
there is g € Vo' (ab) with g(ab) = 0. Therefore

(111.2)

V= b with

by [3, Theorem 24], the semigroup algebra
cﬂ=1?1(5] is not cyclic weakly amenable.
O

V. Examples

We shall now establish some nice examples for some
infinite semigroups, where the semigroup algebra

£1(5) is cyclic weakly amenable but not weakly
amenable.

Example 1V.1

Let.S be the semigroup ([U,l],@*] where
a@b=min(a+b,1) (ab€s).
Then S is an infinite, commutative, 0-cancellative
nil* _semigroup, and the semigroup algebra

A =£(S) is cyclic weakly amenable but not
weakly amenable.

Note that, in 5, the unit element is 0 and the zero
element is 1 .

Let 0 <p < 1. 7o show that <A is not weakly
amenable take the function fJ to be the identity function,
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so that g(x) = X for all X € Vo (p) . We have
Vo) = [0,p], hence st € Ve () implies that
§+ 1L =p,sothat

gD =s+t=g(s)+g(1).

Thus g = 0 € V" () . By [2, Theorem 1.1], we see

that < is not weakly amenable.
To prove cyclic weak amenability, we have to show that

every element [ of V; (p) is a multiple of the function
L, and then show that there are no bounded sensible
functions as before. Since g(’p) % 0, this shows that
there is no non-zero element fi € V'(p) with
h(p) = 0.Letax = h(P). Then the log-condition
show that (p/m) =a/n for al 1 € N and
h(kp/n) = ak/n  for knEN and
0 < k = n. we claim that R(TP) = 7 for every
0 <7 = 1 otherwise the function [0,1] = R™ |
T = h(?“’p] is discontinuous. Suppose that @ is
irrational with 0 << p << 1 and h(pp) = pf for
B # @. Then h(rpp) = 1pPB for T € Q with
rp<1.

There are rationals 7, << @ with T; = 0 when
n — ©O, 5o that

h(pp) — h(rp) = pB — 10 = p(B —
a)#0 as n—oo,

Fix M = 0 .For large 1, we have
h(pp) — h(rp) > M(p—1,) > 0.

But by the log-condition we have
h((p —1,)p) = h(pp) — h(rp) > M(p—1,).

1
Take K € Nwithg < k(p—1,) =1 sothatwe
have ,

h(k(p—mp)) = ié(h(w) — h(r,p))
>Mk(p—1,) > 5 M,

so that the function M is not bounded. But this is a
contradiction, because elements of V< () must be
bounded. Thus dimVo(p)=1fr 0 <p <1
and there is no non-zero function . € V; l:’p] with
— . ® «
h()=0. The function g, € V' (p) with

gy@)=1 is g,(x)=x/p for all
x € Vs(p).

Now we shall prove that there is no non-zero, bounded,

sensible function ¢2 on any equivalence class C{an] :
We first claim that

Ceapy ={(a,B):a+ B =a+ b},

witha +b = 1.

For say @ < @, we have @ = & (D (a — @) so
that

(aD(a—a),b) ~(a,b+a—a)
Similarly forﬁ <Z b. But the relation ™ cannot relate
pairs (@, b) and (¢, d) witha +b #Fc+ d. so
take ®1,®5, 5 € 5 such that & = @4 + @&, and
a + f = a + b sothat we have

@(glyﬁ +a;) = g.(a,) - ¢(a,p)
=—¢(a,p),aV.1)

on the other hand we have
@(alﬁ) = _(p(_lgl (I) = _qp(_lgral + {IZ
= —Ga,+(B) - w(ay + B, a;)

=B/(a; +B)-o(a,a, + ). (IV.2)

If ¢ is non-zero, choose U, ﬁ such  that
@(a,5) # 0 and by comparing (1V.1) and (1V.2) we
must have /(@5 + ) = @/ a4 for every

a=a, + a, : but the equation
B/(x—a, +F)=a/a, is not true for all
values of &fy . Therefore, there is no non-zero bounded
sensible function ¢?, and by [3, Proposition 2.3], the

semigroup algebra A = £ 1(S) is cyclic weakly
amenable.

Example 1V.2
Let AcC be the subset
fOjufa+1beC:0<a<1} . suppose

that S = A U {8} such that
sPO=0Ps=8 (
and for each Z, W € A we have
zﬂ—}w’:{ z+w 1‘f z+wegAd
e if z+we&A.
Indeed, the identity of S is 0 and the zero element is 8.

(IV.3)

Then we claim that 5 is an infinite, commutative, 0-

cancellative i1 ﬂ—semigroup, and the semigroup algebra
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A =£1(85) is cyclic weakly amenable but not
weakly amenable.

To show that <A is not weakly amenable take Z € A
and define the function & to be the real-part function, so
that (W) = R(wW) foranw € Vo (2) . We have
V(2 =weS:zewsS} =
fa+1b:0< a< R},

(so that the identity function is not bounded on Vs (Z]).
For U, € A with R(w) + R(v) < 1 we have
8 # uv € V;(z) and

gudv)=Rw +Rw) =g +
g).

Thus g #= 0 € VS (2). By [2, Theorem 1.1] we see
that < is not weakly amenable.

Since the identity function is not bounded on the setxfl,
for Z € A the linear space V" (Z) does not contain the

identity function. We claim that V2" (Z) is all complex
multiples of the function

g(w) =R(w) (weAd).
weEV;(z) . so that
R(w) <R(Z) or W=2Z. We claim that for
g € V7' (2) we have
gw)=gw+1d) (wels(2)).
Now for all W € Vs (2) ,and for some A € &, we
see that
THDHgG 1) =gW)

g+t ) +g(C—1)=gWw),
also

W A
gw+14) and 2g(§—1§]=
gw—14),
so that

gw) =~ (gw+12) +gw—12),

or

gw+12) = (g(w+2t2) + g(w)),
;effﬁ +120)=2g(w+14) —g(w).
Thus

For if we have

gw+134)=2g(w+214)—g(w+
tA)=3g(w+14) —2g(w),

and similarly for 72 € [ we have
gw+inl)=ngw+i1A)—(n—1)g(w),

S0 that
gw+ind) —g(w) =n(gw+11) —g(w)).

By induction, for . € I we see that
gw+ind) =gw) +n(gw+14) — g(w))

foralw € V5 (z),

so we have g(W + 1 A) = g(w) (otherwise g is
e mn

not bounded). Also we claim that g(?j = ;g(z)

for all TN = M in M; once again we must have
g(az) =ag(z) for al 0 << @& < 1 otherwise

g will not be bounded. Then if k = 2@ e ¢ , we
R(z)
havefor 0 < a < 1

glaz+14) = g(az) = ag(z) =
akR(z) = kR(az +1 4).

Thus Vo (Z) consists of multiples of the function
gw) =R(w) for each WEW(z) and

Riw)
gz(W] = ?::]

To prove that <A is cyclic weakly amenable we seek to
show that there is no non-zero bounded sensible function

42 on any equivalence class C{M] .
We claim that
Ciapy ={(e,B):a,BEA and a+p =a+b}.

For once cannot have (ﬂ, fi'jl -’” (ﬂr,fi'lj without
a+b=a+b" conersely, if (@) €M,
with a+b=a+f we
(@,B) € Crapy.

Given € >0 with R(b)+e <1 | and
(a,b) ~ (R(a) —€,R(b)+ €) . certainly,
I:(l, b) ~ (br {1) so that C{a,b] = C{a—e,b+e] :
SO we can assume that ERI[(I] * ER[(I:J . If
R(a) > R(a) then ala in S
a=a+(a—a) for a,a—a €A so that
(a,b) ~(a,b+a—a)=(ap).

claim that
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similarly, it H(a) <RH(a) we have
(a, b] ~ ({I, ﬁ] also.

Suppose that ¢7 is a sensible function, so that

qp(ﬂ;b,a;bj={] .fct+d=a+b then
either  we hae R(c) =R a;b] or
Rd) =R a;b] , SO we may assume that
R(c)=R a;b] and ERG] <R a;—b] , SO
E|a+b inS, and
? ? & 2e
plc,d) =39, d+) =

a+b a+hb
3ganQe(- ) = 0.

Thus the semigroup algebra A = € () is cyclic
weakly amenable but not weakly amenable.
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