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ABSTRACT

In this paper, we shall describe two nice characterizations of weak amenability of commutative Banach
algebras. We shall prove the equivalence between Groenbaek's characterization, and Johnson's
characterization for these algebras.
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1. INTRODUCTION

We follow [1] to recall some definitions and some preliminaries. Let A be a Banach algebra,
and let X be a Banach A-bimodule. A linear map D: A — X is a derivation if it satisfies the
equation:

D(ab) =a-Db+Da-b (abe€-cA).

In this paper we shall only consider bounded derivations. Given x € X and define the map
6,: A — X by the equation:
oy(aA)=a-x—x-a (a€A).
These derivations are inner derivations.
Let X™* be the dual space of X. Then X* is a Banach A-bimodule with respect to the operations
given by
(x,a-A)={(x-a,1) and {(x,1-a)={(a-x,1) (a€EAxEX,A1EX").

A Banach algebra A is amenable if every bounded derivation D from A into a dual Banach A-
bimodule X* is inner, for each Banach A-bimodule X.

A Banach algebra A is a Banach A-bimodule over itself. Then a Banach algebra A is weakly
amenable if every bounded derivation D: A — A" is inner.

Let A be a Banach algebra, A" denotes the Banach algebra formed by adjoining an identity to
A.

Let A be a Banach algebra, and suppose that £ and F are Banach left and right .4-modules,
respectively. Then E & F is a Banach A-bimodule for unique products that satisfy

a-(xQ®@y)=a-xQ3y , xQy)-a=xQy-a (a€AxEEyEF).
In particular, A ® A * is a Banach A-bimodule.

There is a bounded linear map m: A ® A* > A such that
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m(a®b)=ab (a€AbeA");
this map is called the induced product map. We see that
kerm = {Z?‘;l a; Qb EARATY, aih; = 0} (1.1)
Sometimes we shall write K 4 for kerm; it is a closed Banach sub-bimodule in A R AN
Lemma 1.1 Let A be a unital Banach algebra. Then
kerr=1lin{fa® b —c Q d:ab = cd}, (1.2)

where, in the right-hand side, a,c € A and b,d € A" .m

2. Basic algebraic characterization of weak amenability

In his paper [3] Johnson established a characterization for a Banach algebra to be weakly
amenable, as follows.

Let A be a Banach algebra. We define the bounded linear maps

DiARA—->A andDy ARARA->ARA
to be such that

Di(a®b)=ab—ba andD,(a@bRc)=aQ@bc—abQQc+bQca.

for all a,b,c € A . These maps exist by basic properties of the projective tensor product, and
clearly [|[D4]| < 2.

It can be seen that the composition map D; o D, is zero, and so imD, € kerD,.

Suppose that D is a bounded linear map from A to A*, and define the corresponding linear
functional Fp, in (A & A)* to be such that

Fp(@a@ b) =(b,D(a)) (a,beA).
Then, for all elements a, b and ¢ in A, we have
(FpeDy)(a®bQc)=Fp(a® bc) —Fp(ab @ c) + Fp(b Q ca)
= (bc,D(a)) — (c,D(ab)) + (ca, D(b))
={(c,D(a) - b) — (c,D(ab)) + {c,a - D(b))
=(c,D(a)-b—D(ab) +a-D(b)).

Thus we have that F, e D, = 0 if and only if D is a derivation.

Moreover, let 1 € A*. Then the above derivation D is the inner derivation determined by A if
and only if F, = A o D;. To see this, firstset D = §, ,and take a,b € A . Then

Fp(@a@ b) =(b,6;(a)) =(b,a-A—A-a)=(ba—ab,1),
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and (Ae D;)(a ® b) = (ba —ab,A) . ThusFp = Ao D, .
Conversely, suppose that F, = Ao D; . Then
(b,D(a)) ={ab — ba,A) =(b,A-a—a-1) (a,b€A)
andsoD(a) =1-a—a-1=6;3(a) (a€A),andhenceD = §; is inner.
We write Z = imD, , so that Z is a subspace of A; we also write || - ||, for the quotient
of the projective norm from A & A on Z. Thus we see that

izl < ID:1lllzll < 2llzll. (z € Z). (2.1)

The following theorem is stated by Johnson in [3]. However, no proof is given in [3], and we do
not find the result to be immediate, and so we offer a proof.

Theorem 2.1 (Johnson) Let (A, || - ||) be a Banach algebra. Then A is weakly amenable if and
only if im D; is closed and imD, = ker D; in A ® A .

Proof Suppose that A is weakly amenable.We shall first prove that Z = imD, is closed in A.
Let A be a continuous linear functional on (Z, || - [l;) , and define
(b,D;(a)) ={ab —ba,A) (a,b €A). (2.2)
Clearly D, (a) is a linear functional on A, and
(b, Da(a))| < l|Allllab — ball, < 2[[Allllallllbll  (a,b € A), (2.3)

so that D; (a) € A* and ||D;(a)|| < 2||A|l||la]| for a € A) , and hence the map D;: A — A* is
a continuous linear map. It is easily checked that D, is a derivation.

Since A is weakly amenable, there is a continuous linear functional u € A" such that
Dy(aA)=a - -pu—pu-a (aeA).

Clearly, we have

(ab — ba, 1) = (ba—ab,u) (a,b €A
and |{(z, u)| < 2||lullllzll(z € Z) by (2.1) , so u| is continuouson Z, || - || -
Since A and p are continuous linear functionals on (Z, || - ||,;) which agree at elements ab — ba
for all a,b,e A , we have A = on Z . Hence the map @:u - ul; , A* = (Z,|| - |l)" is a
continuous surjection, and so by the open mapping theorem there is a constant C such that, for

each 2 € (Z, |- ll)* , there exists u € A* with u|, =4 and [|ul]l < C||All . Thus ||z||, <
Cllz|| (z€ Z),andsoZis closed in A .

Now, we shall prove that imD, = kerD; in A @ A .

Since D, oD, = 0, we see that imD, c kerD; , so that it is enough to prove that kerD; c
imD, .

Take yu € (A @ A)* with u[imD, = 0. Define amap D: A — A* by
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(b,D(a)) =(a®b,u) (a,bEA).
Then D is a continuous linear map .

We claim that D is a derivation. Indeed, for a, b, ¢ € A , we have

(c,D(ab)) = {c,a- D(b)) — {c,D(a) - b) = {c,D(ab)) —{ca, D(b)) — (bc,D(a))
=(abQ@c—bQRca—a®bc,u)=0
because u|imD, = 0 , and so the claim holds.

Since A is weakly amenable, D is an inner derivation, say D = §, for some A € A* . But now
(a®b,u)=AeD)(a®b) (a,beEA),

and so u = Ao D, . In particular, u|kerD; = 0 . By the Hahn-Banach theorem, imD, = kerD,

Conversely, suppose that Z is closed in A and imD, = kerD; .

To show that A is weakly amenable, take a bounded derivation D: A — A*. As above, we
have Fp oD, =0 . Thus Fp|imD, = 0. But imD, = kerD,, and so Fp|kerD; = 0. This
show that F, defines a continuous linear functional on (A & A)/kerD; = imD; =
(Z, |l - llz) - Since Z is closed in A , the norms || - || and || - ||,; are equivalent on Z . Hence Fj, is
also a continuous linear functional on (Z,|| - ||). By the Hahn—Banach theorem, F, extends to
L€ A*.We have F, =10 D; on A X A, and so D is the inner derivation determined by 1.
Therefore A is weakly amenable. Thus the theorem is proved. [ ]

Note that in the commutative case, we see that D; = 0, and so A is weakly amenable if and
only ifimD, = A @ A .

In the following theorem, we present the Groenbaek’s characterization of weak amenability of
commutative Banach algebras. Let A be a commutative Banach algebra. We recall the subspace
K, of A ® A* was defined in (1.1).

Theorem 2.2 (Groenbaek) Let A be a commutative Banach algebra. Then A is weakly
amenable if and only if K = K 4. [

3. The equivalence of two characterizations

In this section, we shall deal with commutative Banach algebras. We shall prove a nice
equivalence between Groenbaek’s and Johnson’s characterizations; we continue to use same
notions and symbols that we mentioned in the previous section. In fact, we restrict to unital
algebras.

Theorem 3.1 Let A be a unital, commutative Banach algebra. Then the following are
equivalent:

(i)A is weakly amenable;

(DKZ = Ka ;

(ii)imD, = AR A .
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Proof By Theorem 2.2, (i) and (ii) are equivalent. By Theorem 2.1 (in the commutative case),
(i) and (iii) are equivalent. We shall give a direct proof that (ii) and (iii) are equivalent, thus
giving a proof that is independent of Theorem 2.2 .

We write K for K4 , and e_4 for the identity of A .

First we suppose that (ii) holds, so that K2 = K. We shall show that imD, = AQ A, and
hence obtain (iii).
Set A = imD,, so that

A=linfa®bc—ab@c+b® ca:a,b,ceA}. (3.1)
By taking b = e, , we seethate, & ca € Aforeacha,b,c € A .
Take ¢ € (A ® A) suchthat g, = 0.

Leta,b,c € A .Then
ples ®ca)=0. (3.2)

Similarly, puttingc = e4 in (3.1), wehavea @ b —ab ® e, +b ® ain A, and so
p(a®@b)+ (b ®a)=¢pabQe,). (3.3)
Now we have
(1 RQa—-—aQey)e, b—bRey)=e, Qab+abRQes;—a@b—-bRa,
so that, from (3.2) and (3.3), we have

p((ea®a—-a®en)(es@b—bRQey)) =pleq & ab) +plab R ey)
—9@®b)—pb®a)=0.

We now claim that ¢(K2) = 0 . By Lemma 1.1, it is sufficient to show that
P(a®b—a" D uQv—-u" Qv'))=0
whenever a,a’,u,u’,b,b’,v,v' € A with ab=a'b’'=m; and uv =u'v' =m, . Then
(@a®b—ad @b)uQQv—u ®v') is an element in K? , and, by using the following
equalities:
p(au @ bv) = p(a @ ubv) + p(u Q bva) = p(a @ myb) + p(u K myv);
p@'u®b'v) =@ Q@ub'v)+ou®b'va’) =ga @myb’) +ou@muv);
plau' @ bv) =p(@a @ u'bv")+ ' @ bv'a) = p(a @ myb) + p(u' Kk mv');
pa@'u' @b'v) =@ @u'bv)+eu @bv'a)=ga @myb')+ e @mv');
we see that

Pp(a®b-—ad' @) u®v—-u Qv)) =¢au ® bv) — p(a'u Q b'v)
—p(au' @ bv") + p(a'u' b'v')=0.
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Thus (K?2) = 0 as required. It follows from (ii), that ¢ |, = 0 because K2 = K .
Nowtake z = Y2, a; @ b; € AR A , with ¥, |la;||l|b;|| < oo . Then

Z:Z?o:l (ai®bi—ecﬂ®aibi)+2§‘;1 ecﬂ®aibiEK+A,
because, for each i e N , we have a; ® b; —e; Q@ a;b; EK , and e, ® a;b; € A, as we

remarked, and because both A and K are closed. So ¢(z) = 0 . Hence ¢ = 0 . By the Hahn—
Banach theorem, A = A & A , as required.

We now suppose that (iii) holds, so that imD, = A @ A. We need to prove that K2 = K.

Leta,b,c € A.Then

a@bc—ab@c+bQRQca=e; Qabc— (e, Q@Qa—-—aQey)le;, @b—bReyle; Qc
Eey ®abc+K?.

Now take x € K, so that m(x) = 0. Since imD, = A ® A , we can write x = lim,,_,,,7;, , Say,

where r,, € imD, (n € N).We have n(r;,)) > 0asn — co.
By the definition of D, , we may write

Th = Xizq (an,i & by icni + by Q an,iCni — An,ibp; & Cn,i) )

where 221 ||@ni[|||bnillllcni]| < o - Thus we have

h = Z (eo‘l ® an,ibn,icn,i + (eu‘l ® Api — Qn,i ® ec/l)(ec/l ® bn,i - bn,i X ec/l)ec/l ® Cn,i)
i=1
=€y ® (1) + Z ((eo‘l ® Ap,i — An,;i ® ecﬂ)(ec/l ® bn,icn,i - bn,i X Cn,i)
i=1

because m(r,) = Y.j21 an,ibyiCpn,; and because A is commutative.
Thus we have r;, € ey ® (1) + K?.

But rz(1;,) converges to zero as n — oo , SO
x = limn, = lim (r, — ey ® n(r,)) € K?.
n—oo

n—-oo
Therefore K < K2, and so (ii) follows.
Thus the theorem is proved. ]

In fact, by a small extra argument, the result holds even when A does not have an identity.
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